An off-lattice rotational isomeric state model Monte Carlo algorithm for a polyelectrolyte with Debye-Hueckel screening and no hard core repulsion is used to generate short (up to 150 unit) chains at ( 1) different ionic strengths, (2) varying uniform charge densities, and (3) pH-pK 0 governed ionization. The mean square radii of gyration are related to the apparent total persistence lengths of the polyelectrolytes via the wormlike chain model. Near the random coil limit the apparent electrostatic persistence length varies approximately as the inverse square root of the ionic strength and linearly with charge density. The persistence length behavior is very similar in cases (2) and (3). These approximate power laws agree well with those found experimentally for hyaluronate and variably ionized poly acrylic acid. The original electrostatic persistence length theory, which does not contain excluded volume effects, predicts power law exponents which are twice these. Corrections due to polyelectrolyte excluded volume theories do not consistently yield good fits to the data, but do give "pseudo-," or weakly changing power laws similar to those obtained from the Monte Carlo and experimental data. The similarity between the Monte Carlo and experimental results may indicate that the Debye-Hueckel approximation is reasonable, and that the neglect of hard core repulsion (e.g., zero chain diameter) is insignificant compared to electrostatic effects. This lends strength to the interpretations that electrostatic excluded volume effects explain much of the apparent deviation from the electrostatic persistence length theory and that the approximation of a smeared out line charge works fairly well, even when the actual charges are irregularly spaced.
I. INTRODUCTION
Several reports on apparent persistence lengths oflong, flexible polyelectrolytes, obtained from viscosity and light scattering measurements, show the apparent electrostatic persistence length L;, defined below, varying as the inverse square root of the ionic strength.
l -4 One work 4 found L ; approximately proportional to the polyelectrolyte'S linear charge density. In these articles it was argued that since the long polyelectrolytes had contour lengths L much greater than the total persistence length L T , the molecules could be treated in the coil limit of the wormlike chain model relations between mean square radius of gyration (S2)0 andLrThat is, (1b)
The subscript on (S2)0 is to emphasize that Eq. (1) does not include excluded volume effects. Here, LT = Lo + L .. where Lo is the intrinsic persistence length and L~ the electrostatic persistence length. 6 ,7 We now define what we mean by an "apparent electrostatic persistence length" obtained from light scattering data. First we define an apparent total persistence length L;". Equation (lb) yields LT = 3(S2)0IL for wormlike .) Author to whom correspondence should be sent. chains in the Gaussian random coil limit L'~LT' which holds only if there is no excluded volume. s Static light scattering gives (S2), and L can be estimated by combining knowledge of the polymers molecular weight M from static light scattering, and of the repeating unit of the polymer. (Reference 3 discusses how to deal with polydispersity effects for large polymers.) Thus if the molecular weight of a repeating unit is m o , and its contour length is 1 0 , L = 10M Imo' Then, in analogy to Eq. (lb), the apparent total persistence length is defined as (2a) The use of the term "apparent," indicated by a superscript prime, and the dropping of the subscript zero, are intended as reminders that, due to electrostatic excluded volume effects,8-11 Eqs. (1) do not necessarily hold for an electrically charged polymer at low salt concentrations. Indeed, this work contends that electrostatic excluded volume effects can render L ;.. much larger than Lr-These effects arise because a flexible chain can bend so that units far apart along the chain are placed in close proximity; if they carry the same charge they will then repel.
Following Refs. 6 and 7, it is assumed that the (actual)
total persistence length LT = Lo + L e , where Lo is the intrinsic persistence length of the polymer and Le an electrostatic persistence length 6 • 7 due to stiffening of the polymer by repulsion of like charges. To estimate L; from L ;.., one first estimates Lo. This was done3.4 by finding the exponent b in L ;.. = aC ~ + d which maximized the linearity of L ;.. vs C ~ and extrapolating to C s = 00. This should eliminate elec-trostatic effects on both the persistence length and the excluded volume because it amounts to an extrapolation to complete electric field screening; nonelectrostatic excluded volume effects, if any, would remain. Then the apparent electrostatic persistence length L ; is L; ==L ;.. -LO,estimated' (light scattering).
(2b)
For the Monte Carlo calculations described below, Eq. (2a) was also used to find L ;..; however the structure of the model polymer and thus Lo were known exactly, and we used L; ==L;" -Lo (Monte Carlo).
(2b') Similarly, since L>K-I (K = the Debye-Hueckel screening parameter, and is proportional to C~·5, where C s is the ionic strength), the original prediction of electrostatic persistence length 6 ,7
whereY==K L, D==41TE is the dielectric constant of the solution, kB is Boltzmann's constant, and N is the number of charge groups in the polymer, reduces to Le 2!ls2/( 4Kd B ) , (4) where dB == q21 Dk B T is the Bjerrum length (about 7.18 A at 25 ·C) and S is the macroion's linear charge density, expressed as number of elementary charges per Bjerrum length. Le is thus predicted to show a quadratic dependence on charge density, and a reciprocal first power dependence on ionic strength.
The object of this article is to use a Monte Carlo algorithm to generate polyelectrolyte chains as a function ofionic strength and linear charge density, and to compare the resulting scaling behavior of (S2) and the apparent persistence lengths with the previously reported light scattering results, and with Eqs. (1 )- ( 4) . The origin of the discrepancy between the predicted power laws for persistence length and the experimental power laws for apparent persistence length is then investigated in terms of the assumptions made in the theory, the Monte Carlo model, and the interpretation of the experimental results.
The apparent persistence lengths L ;.. and L; deduced via Eqs. (1) and (2) from light scattering or Monte Carlo results for (S2) would be the actual persistence lengths LT and Le ifEqs. ( 1 ) held; i.e., ifthere were no excluded volume effects, i.e., if (S 2) = (S2)0' Since polyelectrolytes may display significant excluded volume effects at low salt concentration, an analysis will be attempted in terms of polyelectrolyte excluded volume theories,9-11 following the prescription ofOdijk and Houwaart.
9 It is usual to define a factor as by
The factor a; thus contains excluded volume effects on (S2). Previously,S several somewhat ad hoc combinations of theories for polyelectrolyte excluded volume were considered; all of them followed Ref. 
where z is the standard excluded volume parameter from perturbation theory;5 Z= (3/21TL~)3!2{ln::2.
(7)
The Fixman-Skolnick II form for the binary cluster integral {lwas used;
where w = 21TS2d B IK-I exp( -Kd), dB being the cylinder diameter, and
Use ofEqs. (5)- (9) substantially improved the agreement between the Monte Carlo and theoretical results. These excluded volume corrections also improved the agreement between theory and experiment.
3 ,4 A very similar procedure was used by Wang and YU. 12 Also, Manning,13 by means analogous to Eqs. (5)- (9), tried to extract actual persistence lengths from measured radii of gyration of DNA. References 12 and 13 used the Yamakawa-Tanaka equation (Ref. 5, Eq. 15.95) , rather than Eq. (6).
Because at least one other approach to electrostatic persistence lengths, the numerical solution of the full PoissonBoltzmann equation for a cylinder of finite diameter,14 is reported 2 to lead to a rough reciprocal square root ionic strength dependence for L e , and because there was no clear evidence for excluded volume effects in the static light scattering data, 3 it could not be asserted that the excluded volume effect was necessarily the main source of the deviation between theory and experiment.
II. MONTE CARLO MODEL AND METHODS

A. The Monte Carlo algorithm
The Metropolis Monte Carlo algorithm used in this study is as described previously, S with one addition. Briefly, the program is an off-lattice, three-fold, equally weighted rotational isomeric state model of a linear polymer, which uses reptation in conjunction with the standard Metropolis Monte Carlo algorithm to generate "thermalized" polymer chains. The model assumes Debye-Hueckel screening between negatively charged monomers on the chain, and takes bond length A, bond angle 0, hard core excluded volume per monomer, magnitUde of the charge per monomer q, screening length K -I, dielectric constant e (for calculational convenience, e of the polymer is considered to be that of the solvent), temperature T, pH, and the pKo of the monomeric units as the adjustable parameters.
The use of the parameters pH and pKo in the present program was not described in Ref. 8, and may be novel. Briefly, the units may bear a charge or not; the difference between their intrinsic pKo and the solution's pH determines the statistical weight for doing so. For definiteness the charges are taken to be negative; the polyelectrolyte is a polyacid. The change in free energy when a unit is ionized is taken to be -kB T(pH-pKo )In( 10),15 and is incorporated into the Metropolis Monte Carlo rep tat ion algorithm. That is, an end of the polymer is selected randomly. A trial polymer configuration is generated from the existing one by adding a new unit to that end in one of six ways (3 rotational states times 2 ionization states) with equal probability and removing a unit from the other end, the rest of the polymer staying unchanged. The total change t:..F in free energy in going to the trial configuration is calculated as the change in electrostatic energy minus kB T(pH-pKo )In ( 10) itial guess 8 as the starting state keeps the algorithm from getting stuck in metastable initial configurations in which both ends of the polymer are highly charged while the middle was uncharged.
N 2 reptation attempts are made between taking "stroboscopic profiles" of new chains thus generated. The information stored upon taking the profile includes total electrostatic energy, end-to-end length, radius of gyration, and fractional charge of the chain. 21 We note two very recent papers. Christos and Carnie 20 found that although the simplest combination of Manning's24 counterion condensation and Debye-Hueckel theory seemed to have considerable merit, it did "not quantitatively agree" with their results.' Hooper, Blanch, and Prausnitz 22 compared polyion end-to-end lengths to an improvementl 5 of a theory of Katchalsky and Lifson,26 which also predicts electrostatic energies. This end-to-end length prediction includes electrostatic excluded volume effects 25 but not persistence length effects, and is somewhat analogous to our Eqs. (5)-(9). Its agreement with their Monte Carlo results was qualitative.
B. Previous Investigations
c. Situations investigated, parameter settings, and correspondence to wormlike chain
Three situations were investigated; the effects, especiallyon (S 2), of ( 1 ) changing ionic strength (via the selectable Debye-Hueckel screening length), (2) varying the linear charge density at full ionization (by changing the magnitude of the charge per monomer, each of which is ionized by making ph-pKo large), and 3) varying the linear charge density via the degree of ionization of the chain (by changing the value of pH-pKo at fixed charge magnitUde per monomer). For convenience, the method of varying linear charge density by maintaining full ionization and reducing the magnitude of the charge per monomer will be denoted by uniform charge density (UCD), whereas the method involving variable ionization through variation ofpH-pKo will be referred to as random charge density (RCD). For all of these situations the bond angle was taken as 70· (as measured from the direction of propagation of the preceding link; 70· is thus close to the tetrahedral bond angle), the bond length was 7 A, and no hard core excluded monomer volume was used.
Since the experimental results referred to in this work were obtained for long chains (well over 1000 monomers per chain) in the coil limit, it would have been desirable to likewise simulate long polyelectrolytes. As the computer cpu time per chain increases as about N 3, however, it was not feasible to do this and still generate enough samples for statistical accuracy. Accordingly, 150 unit chains were the largest investigated; this allowed collecting a fair amount of data on chains near the coil limit.
For uncharged 150 unit chains with the above param- 
where 7] is the thermodynamically averaged cosine of the rotameric angle, and is zero if there is no energy difference between rotameric states, as in the present Monte Carlo model. This also agrees well with the result that for an ideal chain (R 2) = 6(S2). In the coil limit ofEq. (lb) this yields an apparent intrinsic persistence length L b of 8.7 A, agreeing with the manner in which the intrinsic persistence length was calculated in Ref. 8, so as to make the zig-zag chain correspond to the wormlike chain model,
The contour length was chosen to yield the correct (s 2) in the coil limit while making the wormlike chain model equal to the stretched-out length of the zig-zag rotational isomeric state polymer via 8
This yields L = 854.38 A, compared to the value of 854.39 A obtained directly from the Monte Carlo program by setting K -I, q, and pH-pKo to large values.
Manning showed 24 that in the Debye-Hueckel model, if counterions are allowed to approach arbitrarily close to a linear polyelectrolyte modeled as a long straight rod having charge uniformly distributed along its length, the rod cannot have $> lIV, V being the valence of the counterions. Otherwise, counterions would condense upon the rod until its net $ was reduced to lIV. This result, which also holds as K-->O for long linear polyelectrolytes with finite diameter 27 or regularly spaced charges,28 is widely believed to be a good first approximation for linear polyelectrolytes. 20 , 29, 30 We therefore do not want to consider values of $ much larger than 1. Previously8 we argued that for the rotational isomeric state model it is reasonable to estimate $ using the net charge on the polyion and its maximum stretched out length. That is,
where L is given by Eq. 12 and e is the electronic charge.
When the chain can be partially ionized, we define So to be the value of 5 when the chain is fully ionized.
We note that the present model is determined by the dimensionless parameters N, (J, pR-pKa' and So' variations of T, A, q, and D being significant only as they affect So. Thus in situation (2) the quantity being varied is really So'
The current results were based on T = 298 K and dEo = 78.33, appropriate to water at that temperature. and is thus equal to ionic strength. The rationale for plotting it in this form was that when the exponent b for (S 2) = aC; + d over the coil limit range of C s (about 10-5000 mM) was sought so as to maximize the linear correla- tion coefficient of (S2) vsaC;, the value was always close to -0.5 (actual values ranged from -0.43 to -0.57). We thus conclude that (S2) has an approximate inverse square root dependence on ionic strength. The weighting for such fits used the error in (S 2) as estimated from the lag 1 autocorrelation, following Smith and Wells. 3 ] That is, the estimated variance of the mean is the variance of the M sample points divided by (M -1) and multiplied by
Thus for
where r] is the lag 1 autocorrelation.
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This is based on the (dubious) assumption that each sample is generated from the previous one by a first order regressive process. At any rate, it should be better than the assumption of equal weighting.
Figure 1 (b) shows (S 2) vs C s-0,5 for data on bacterial hyaluronate (BRA) of molecular weight around 1 million,J for which S-zO.72, and on 7% ionized sodium polyacrylamide (PA) of around 4 million daltons,4 for which S-z0.2. In both cases (S2) is quite straight vs C 5-0 ,5 over the whole range from around 1 mM to 1 M C 5 • Using Eq. (2a) to calculate the apparent total persistence length L ;., from the (S 2) values in Fig. 1 (a) and subtracting the intrinsic persistence length Lo ( = 8.7 A) yields the apparent electrostatic persistence length, L;. Log(L;) vs 10g(C s ) is plotted in Fig. 2 
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IV. DISCUSSION
The salient feature of the Monte Carlo results is that the functional dependence of (S2) on C s agrees with the experimental results on different synthetic and biological polyelectrolytes, and its dependence on S roughly agrees with that for variably ionized polyacrylic acid,4 whereas both these dependencies disagree with the nonexcluded volume Le ofEqs. (3)- (4) .
That the approximate power laws agree for the experimental and Monte Carlo cases indicates that the approximation of Debye-Hueckel screening in the Monte Carlo model is reasonable, at least over the ionic strength range for which experimental data is available; around 1-1000 mM. Furthermore, setting the hard core excluded volume to zero in the Monte Carlo model does not impair its agreement with experiment. The numerical solution to the nonlinear PoissonBoltzmann equation for charge smeared out over a torus of adjustable diameter, within which the dielectric constant could be set to that of the polymer, formed the basis of LeBret's approach to persistence lengths. 14 That model took no account of excluded volume. Others using its results 2 ,34 reported an approximate inverse square root dependence on ionic strength for the electrostatic persistence length. Ghosh et al. 3 made electrostatic excluded volume corrections, noting, however, that LeBret's model 14 might also explain the discrepancy between Eqs. (I )- ( 4) and the experimental results. The current Monte Carlo agreement with experiment strengthens the argument that electrostatic excluded volume effects are a major cause of this discrepancy.
Although the excluded volume correction for varying C s [ Fig. 2(a) ] is encouraging, its slight "sag" in the middle is peculiar. Although it is generally inappropriate to base criticisms of a theory on minor deviations from (inevitably) noisy data, the straightness of the Monte Carlo data [Figs. 2(a), 4(a) , and 4(b)] and experimental L ;.. vs C s-0.5 [Figs. 2(b) and 3(b) ] data almost suggest that there is something simpler occurring in the experiment than in the theory. Another interesting aspect of the Monte Carlo results IS the good agreement of (S 2) VS 5 for polyelectrolytes ionized by RCD and UCD for longer chains, when the two types have the same total net charge. Whereas the UCD chains have evenly spread charges, the RCD chains have wide, irregular gaps between charge groups. That the two ionization types should agree fairly well is not obvious, since not only should interactions between nearby groups be different in the two cases, but average lengths between charge groups at low ionization can stand in totally different proportions to relevant length scales like persistence, contour, and screening lengths than at full ionization. If the results for (S2) can be so similar for widely and irregularly spaced charges and uniformly spaced charges, then going from closely spaced uniform charges to a smeared out uniform charge may preserve this agreement; i.e., 5 may be the most important parameter of a charge distribution. If this is true, the assumption of uniform smeared out charge density used in the persistence length theories 6 ,7 behind Eqs. (3) and (4), and other theories such as Manning's counterion condensation theory,24 may be well justified.
This idea was investigated by plotting the average electrostatic energy per monomer (Fig. 5 ) (E) vs 5 for both UCD and RCD ionization. That these values overlap so closely for several values of K -1 and chain length, suggests that the mean potential V felt by any monomer in the two ionization modes is the same. The near equality in (E) for UCD and RCD chains at the same 5 can be partially explained and interpreted in terms of a third charge distribution which we call the totally random charge distribution or TRCD. In the TRCD, the probability for any given unit to be ionized is exactly (a), independent ofthe ionization states ofthe other units and the spatial configuration of the chain. Then it turns out that the (E) vs 5 curves must be the same in the TRCD and UCD distributions, and the RCD distribution should lie below them. The question then becomes; why does the (E) vs 5 curve for the RCD lie so little below that for the TRCD (and UCD)? One possible explanation would be that in the RCD the actual distribution of charges is indeed surprisingly random. This could be checked by compiling appropriate statis-tics on the distributions of charges inside the chains. We have not done so. Since, in a given spatial configuration
(E) must be the same for UCD and TRCD chains in any given spatial configuration. Since, for both UCD and TRCD chains, the probability for any particular spatial configuration to occur must be proportional to exp ( -(E) I k B T), that probability is also the same for UCD and TRCD ionization. Thus (E) or (S 2) averaged over all spatial configurations are the same for the UCD and TRCD ionization, as are all the quantities reported in this work. Of course in RCD ionization the ionization states of nearby units are not independent; in Fig. 5 the interaction energies of adjacent units are of order kB T. Also, (a) should be slightly higher in most spatial configurations for units located toward the ends of a chain, and should on average be lower the more compact the spatial configuration. Such variations in (a) should tend to reduce (E), averaged over all configurations, below its value in the TRCD model.
Then, that the (E ) in the RCD model lies so little below its value in the TRCD and UCD model curve despite the large ratios of EijlkB T for adjacent units, suggests that the curve of (a) vs pH-pKo might be surprisingly well predicted by a simple mean-field theory using a TRCD type model. This will be investigated further in Ref. 33.
The (E) vs 5 curves for the UCD and RCD models must coincide in the limits a = 0 and a = 1, because there the charge distributions are identical. Indeed, the quadratically fitted curves shown in Fig. 5 appear to obey this rule. In fact, it is also interesting just how closely quadratics do fit the E vs 5 curves.
V.SUMMARY
Values of (S2) obtained by the present Monte Carlo algorithm yield approximate scaling behavior for apparent electrostatic persistence lengths of L; -5 I C s-0.5, as opposed to the 5 2 /C s behavior predicted by Eqs. (3) and (4) for the Le of unperturbed chains. The L; -5 IC s-O.s dependence agrees well with the experimental apparent persistence length scaling behavior found for several different polyelectrolytes. Similar power laws are obtained by using Eqs. (5)-(9) to approximate the excluded volume effect. This makes it probable that the Debye-Hueckel and infinitely thin rod (i.e., neglecting both the polymer's intrinsic excluded volume and its dielectric constant) approximations are quite adequate in predicting the scaling behavior of polyelectrolyte dimensions using the Monte Carlo technique.
This level of agreement seems sufficient to show that electrostatic excluded volume can cause a rough proportionality of apparent persistence length (as determined by light scattering and by viscosity) to K -1 very similar to that predicted 2 ,14,34 for actual persistence lengths using the nonlinear Poisson-Boltzmann equation in the limit oflow polymer dielectric constant. This shows the importance of considering excluded volume effects when computing (S2) using Eqs. 1 and 3, and, conversely, when extracting true persistence lengths from experimental values of (S2).
Over a wide range of conditions the values of (S L) and U agree between the two modes of variable ionization treated. This insensitivity of the polyelectrolyte's dimensions and electrostatic energy to the difference between irregularly spread and uniformly spaced charges (with the same s), supports the approximation of smeared out uniform charges employed in many polyelectrolyte theories, including the persistence length theories 6 ,7 used in this work. Judging by the linearity of the fits [Figs. 2, 4(a) , and 4(b) ], the experimental and Monte Carlo behavior of L ;. may actually be simpler than the present somewhat ad hoc theory predicts. It is unusual for data (which is not very noisy) to show less structure than corresponding theories based on simplifying assumptions. Further experiments to obtain direct evidence of electrostatic excluded volume effects would be interesting, perhaps by high resolution determinations of scattered light intensity I (q) [q = (41Tnl A) X sin «(J 12) ], on coil polyelectrolytes.
